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Abstract
In this note we start by computing the average number of protected points in all ordered trees with n edges. This can serve as
a guide in various organizational schemes where it may be desirable to have a large or small number of protected points. We will
also look a few subclasses with a view to increasing or decreasing the proportion of protected points.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Notation and overview
An ordered tree [2] is defined recursively. It is a tree with a root and an ordered list of subtrees at the root. For
instance the subtrees could be ordered by the time of creation. The five ordered trees with three edges are shown in
Fig. 1.
Fig. 1. Ordered trees with three edges.
A protected point is a vertex which is not a leaf and which is not distance 1 from a leaf. The root is not considered
to be a leaf except for the tree consisting of only the root.
For instance, if leaves represent customers it may be worthwhile for many of the points in the tree to be unprotected.
However if the leaves represent lobbyists or computer hackers it may be a very good thing to have many points
protected. We will show that as the number of edges gets large the average proportion of protected points in all
ordered trees approaches 1/6. The tool we will use is generating functions. A reasonable variation occurs if we have
an organizational tree such that the maximum number of employees directly under any one manager is at most two.
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If the out degree of any point is at most two then we are looking atMotzkin trees. The same tools can be used to show
that the proportion of protected points in Motzkin trees approaches 10/27. We look at these two cases in some detail
and then mention three more cases.
Two generating functions which will use are those for theCatalan numbers and for the central binomial coefficients.
They are
C(z) = C = 1−
√
1− 4z
2z
= 1+ zC2 = 1
1− zC =
∑
n≥0
1
n + 1
(
2n
n
)
zn,
and
B(z) = B = 1√
1− 4z = 1+ 2zCB =
1
1− 2zC =
∑
n≥0
(
2n
n
)
zn .
An excellent source for background information on generating functions, Catalan numbers and Motzkin numbers
is Stanley’s book [6]. For information on Fine numbers see [2,3] while asymptotics are discussed in [1] and somewhat
similar applications of tree structure are discussed in [4,5].
It is well known that the number of ordered trees on n edges is the nth Catalan number, Cn = 1n+1
(
2n
n
)
. We use
the terms point and vertex interchangeably. The number of vertices in any tree with n edges is n+ 1 so the generating
function for the number of ordered trees with a distinguished point is
B =
∑
n≥0
(n + 1) 1
n + 1
(
2n
n
)
zn .
Alternatively this counts all vertices in all ordered trees. If we count leaves which are vertices of up degree 0 then we
find the numbers 1, 1, 3, 10, 35, 126, . . . which suggests the generating function (B + 1)/2.
The other generating function we will need is that for the number of trees where the root is a protected point or is
the empty tree. Trying small cases gives the numbers 1, 0, 1, 2, 6, 18, 57, . . . . In Fig. 1 where n = 3 we see that the
two trees on the left have protected roots. Since each subtree out of the root must have one edge connecting to the root
(the generating function for a single edge is z) and a nontrivial tree attached to this edge (with generating function
C − 1), each subtree at the root contributes z(C − 1) = z2C2 and the total generating function is
1+ z2C2 +
(
z2C2
)2 + (z2C2)3 + · · · = 1
1− z2C2 .
This sequence of numbers is called the Fine number sequence [3] and the generating function for the sequence is
denoted as
F(z) = F = 1
1− z2C2 =
1
(1− zC)(1+ zC) =
C
1+ zC . (1)
For a good reference for this material see [6], and for asymptotic estimates the following lemma of Bender is easy
to apply and very useful.
Theorem 1.1 (Bender’s Lemma [1]). Suppose that A (z) =∑n≥0 anzn and B (z) =∑n≥0 bnzn are two generating
functions, and the radius of convergence of A (z) is larger than that of B (z). Let C (z) =∑n≥0 cnzn be the product
A (z) B (z). Suppose further that bn−1/bn approaches a limit b as n →∞. If A (b) 6= 0, then cn ∼ A (b) bn .
2. The main result
In ordered trees and in similar classes of trees the following observation holds:
V = LT (2)
where V is the generating function for trees with a distinguished vertex, L is the generating function for trees with a
distinguished leaf and T is the generating function for the number of trees in the class. The way to see that this holds
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is to “snip” the distinguished vertex in half. This produces two trees. The first is a tree now with a distinguished leaf
and a second which was the subtree growing up from the distinguished vertex.
Theorem 2.1. The average portion of protected points in all ordered trees with n edges approaches 1/6 as n →∞.
Proof. For ordered trees we have T = C , V = B where C and B are generating functions for the Catalan numbers
and the central binomial coefficients, respectively, and what looks like L = (B + 1)/2. Assuming this from (2) we
would have
B = B + 1
2
· C
or equivalently 2B = C(B + 1). To prove this we write the right hand side as
B + 1
2
· C = 1
2
·
(
1√
1− 4z + 1
)
·
(
1−√1− 4z
2z
)
and simplify. This does provide a proof that L = (B + 1)/2.
If we want the distinguished point to be protected we want the tree on top to be nontrivial and to have its root
protected. Thus the appropriate generating function is F − 1 where F is the generating function for the Fine numbers
given by (1). Hence we have
L(F − 1) = B
C
(
C
1+ zC − 1
)
= B
1+ zC −
B
C
.
After expressing C and B in terms of
√
1− 4z in this equation we obtain
L(F − 1) = 1
4
· 1
1+ z2
− 1
2
+ 1√
1− 4z ·
1− z
2z + 4 . (3)
The first few terms of L(F − 1) are
z2 + 3z3 + 11z4 + 40z5 + 148z6 + 553z7 + 2083z8 + 7896z9 + O(z10).
Now, we are ready to find asymptotic values. Asymptotically the first two terms of the right hand side in (3) are
irrelevant and using Bender’s lemma with A(z) = 1−z2z+4 , B(z) = 1√1−4z =
∑
n≥0
(
2n
n
)
zn and b = 14 , we see that
[zn] 1√
1− 4z ·
1− z
2z + 4 →
(
2n
n
)
1− 1/4
2(1/4)+ 4 =
1
6
(
2n
n
)
,
where [zn] is the coefficient operator. Since the total number of points is
(
2n
n
)
we have that the average number of
protected points approaches 1/6. 
For numerical reassurance we note that
[z50]L(F − 1)
[z50]B =
16739992778065482809017276636
100891344545564193334812497256
.= 0.16592.
Does a system where each staff member can hire at most two underlings afford a higher percentage of protected
points? To determine this we look at {0, 1, 2}-trees where the out degree of every vertex is 0,1, or 2. The numbers of
these trees are counted by the Motzkin numbers Mn with the generating function
M(z) = M = 1− z −
√
1− 2z − 3z2
2z2
. (4)
It is also known that the number of all vertices in {0, 1, 2}-trees, i.e. the number of {0, 1, 2}-trees with a distinguished
vertex, has the generating function V given by
V =
∑
n≥0
(n + 1)Mnzn = ddz (zM)
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since any tree with n edges has n + 1 vertices. But then, after some manipulation,
V = d
dz
(zM) = 1− z −
√
1− 2z − 3z2
2z2
· 1√
1− 2z − 3z2 .
Since V = LT we see that the number of {0, 1, 2}-trees with a distinguished leaf has the generating function
L = V
T
= 1√
1− 2z − 3z2 . (5)
We note that L has a singularity at z = 1/3 so the radius of convergence about z = 0 is also 1/3 and the ratio test
then tells us that
lim
n→∞
ln+1
ln
= 3, where ln = [zn]L . (6)
To get our asymptotic result we now express everything in terms of ln . Since V may be rewritten as
V = 1− z
2z2
√
1− 2z − 3z2 −
1
2z2
,
asymptotically we have[
zn
]
V = [zn] 1− z
2z2
√
1− 2z − 3z2 =
1
2
· (ln+2 − ln+1)
∼ 1
2
· (9ln − 3ln) = 3ln as n →∞. (7)
This is a result of some independent interest since it tells us that for {0, 1, 2}-trees as n gets large about 1/3 of the
vertices are leaves.
Theorem 2.2. The average portion of protected points in {0, 1, 2}-trees with n edges approaches 10/27 as n →∞.
Proof. By a similar argument, the number of {0, 1, 2}-trees where the root is a protected point or the empty tree has
the generating function
K := 1+ z(M − 1)+ z2(M − 1)2,
where M is the generating function for the Motzkin numbers given by (4). Thus, the generating function for the
number of protected points on {0, 1, 2}-trees is given by
L(K − 1) = L(z(M − 1)+ z2(M − 1)2)
= (1− 2z
2)M√
1− 2z − 3z2 +
z2 − z − 1√
1− 2z − 3z2
= 2z
4 − 4z2 − z + 1
2z2
√
1− 2z − 3z2 + 1−
1
2z2
. (8)
The first few terms of L(K − 1) are
z2 + 3z3 + 10z4 + 31z5 + 94z6 + 281z7 + 834z8 + 2465z9 + O(z10).
Asymptotically the last two terms of the right hand side in (8) are irrelevant and
[zn]L(K − 1) = [zn] 2z
4 − 4z2 − z + 1
2z2
√
1− 2z − 3z2
= 1
2
(2ln−2 − 4ln − ln+1 + ln+2)
∼ 1
2
(
2 · 1
9
ln − 4ln − 3ln + 9ln
)
= 10
9
ln as n →∞. (9)
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From (7) and (9), we can now estimate the average number of protected points in {0, 1, 2}-trees as n →∞:
[zn]L(K − 1)
[zn] V
∼
10
9 ln
3ln
= 10
27
= 0.37037. 
We note that
[z100]L(K − 1)
[z100]V =
27031383306646487592615909465278819939338018482
74478972710507599430502242481016373480523670569
.= 0.36294.
Here are three more structures but we now omit details since the method is the same.
Another protocol might be that everyone has two employees if they have any at all. This situation is modeled by
complete binary trees and we have in that case that T = C , L = B and V =∑n≥0 ( 2n+1n ) zn . The ratio of protected
points to all points is
n2 − 3n + 3
4n2 + 3n →
1
4
as n →∞. (10)
Yet another protocol is that everyone can hire a junior or a senior employee or both but the two positions are
different. The model is incomplete binary trees and we have T = C2, L = B and V = ∑n≥0 ( 2n+2n ) zn . This time
the ratio of protected points to all points is(
2n
n−2
)
− 2
(
2n−2
n−2
)
+
(
2n−4
n−2
)
(
2n+2
n
) n2 − 3n + 3
4n2 + 3n →
9
64
· 1
4
= 9
256
as n →∞. (11)
For our last example we consider complete ternary trees where the out degree of every vertex is 0 or 3. Using
similar methods we find that the ratio of protected points to all points is
n3 − 6n2 + 11n − 6
81n3 − 54n2 − 9n + 5 →
1
81
as n →∞. (12)
This is a very small number of protected points.
Many variations are possible using the same tools and the method is more important than any particular case. The
method may be thought of as taking four steps:
1. Find the number of protected points at the root for the class of ordered trees being considered.
2. Use the V = LT equation to find the generating function L .
3. Use L to transport the generating function at the root to an arbitrary vertex.
4. Find the asymptotic value, often by using Bender’s lemma or at least the radius of convergence of the relevant
generating functions.
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